We calculate the nucleon sigma term in two-flavor lattice QCD utilizing the Feynman-Hellman theorem. Both sea and valence quarks are described by the overlap fermion formulation, which preserves exact chiral and flavor symmetries on the lattice. We analyse the lattice data for the nucleon mass using the analytical formulae derived from the baryon chiral perturbation theory.
I. INTRODUCTION
A piece of information on the nucleon structure can be extracted from its quark mass dependence. Nucleon sigma term σ πN characterizes the effect of finite quark mass on the nucleon mass. Up to non-analytic and higher order terms, the nucleon mass is written as M N = M 0 + σ πN , where M 0 is the nucleon mass in the chiral limit. The exact definition of σ πN is given by the form of a scalar form factor of the nucleon at zero recoil as σ πN = m ud N|ūu +dd|N − V 0|ūu +dd|0 (1) where m ud denotes degenerate up and down quark mass. The second term in the parenthesis represents a subtraction of the vacuum contribution, and V is the (three-dimensional) physical volume 1 . For the sake of simplicity we represent the vacuum subtracted matrix While the up and down quarks contribute to σ πN both as valence and sea quarks, the strange quark appears only as a sea quark contribution. As a measure of the strange quark content of the nucleon, the y parameter
is commonly introduced. Besides characterizing the purely sea quark content of the nucleon, which implies a clear distinction from the quark model picture of hadrons, this parameter plays an important role to determine the detection rate of possible neutralino dark matter in the supersymmetric extension of the Standard Model [1, 2, 3, 4, 5, 6, 7] . Already with the present direct dark matter search experiments one may probe a part of the MSSM model parameter space, and new experiments such as XMASS and SuperCDM will be able to improve the sensitivity by 2-3 orders of magnitude. Therefore, a precise calculation of the y parameter (or equivalently another parameter f Ts ≡ m s N|ss|N /M N ) will be important for excluding or proving the neutralino dark matter scenario. 1 The nucleon state |N (p) is normalized as N (p)|N (p ′ ) = (2π) 3 δ (3) (p−p ′ ). In (1) we omit the momentum argument for the nucleon, since we do not consider finite momentum insertion in this paper.
Phenomenologically, the sigma term can be related to the πN scattering amplitude at a certain kinematical point, i.e. the so-called Cheng-Dashen point t = +2m 2 π [8] . Its value is in the range Σ CD = 70 ∼ 90 MeV [9] . After the corrections for the finite value of t, which amounts to −15 MeV [10] , one obtains σ πN = 55 ∼ 75 MeV. On the other hand, the octet breaking of the nucleon mass, or the matrix element N|ūu +dd − 2ss|N , can be evaluated from the baryon mass spectrum. At the leading order of Chiral Perturbation Theory (ChPT), the value of the corresponding sigma term isσ ≃ 26 MeV, while the heavy baryon ChPT (BChPT) givesσ = 36 ± 7 MeV [11] . The difference between σ πN andσ is understood as the strange quark contribution; algebraically the relation is σ πN =σ/(1 − y).
Then, one obtains a large value of y: y=0.3-0.6. (The value of y is even larger than the estimate y ≃ 0.2 in [10] , because of the more recent experimental data [9] .) For other phenomenological estimates, see, e.g. [12] . Such large values of y cannot be understood within the valence quark picture, hence raises a serious problem in the understanding of the nucleon structure. We note however that the analysis within chiral effective theories suffers from significant uncertainties of the low energy constants, especially at higher orders.
Using lattice QCD, one can in principle calculate the nucleon sigma term without involving any model parameters, since lattice calculation for a wide range of quark masses in the chiral regime offers essential information on the low energy constants which cannot be determined by experimental data alone. Furthermore, it is possible to determine the valence and sea quark contributions separately. A direct method to extract them is to calculate three-point functions on the lattice including an insertion of the scalar operator. It can also be done in an indirect way by analyzing the quark mass dependence of the nucleon mass for valence and sea quarks separately. Obviously, the dynamical fermion simulations are necessary to extract the disconnected contributions in the indirect method.
Previous lattice results were σ πN = 40-60 MeV, y = 0.66(15) [13] , and σ πN = 50(3) MeV, y = 0.36(3) [14] within the quenched approximation, while a two-flavor QCD calculation [15] gave σ πN = 18(5) MeV and y = 0.59 (13) . There are apparent puzzles in these results: firstly the strange quark content due to the disconnected diagram (the value of y) is unnaturally large compared to the up and down contributions that contain the connected diagrams too.
Secondly the values of the sigma term in the quenched and unquenched calculations are rather different, which might also imply significant effects of quark loops in the sea.
Concerning the first point, it was pointed out that using the Wilson-type fermions, which violate the chiral symmetry on the lattice, the sea quark mass dependence of the additive mass renormalization and lattice spacing can give rise to a significant uncertainty in the sea quark content [16] . Unfortunately, after subtracting this contamination the unquenched result has large statistical error, y = −0.28 (33) . In the present work, we remove this problem by explicitly maintaining exact chiral symmetry on the lattice for both sea and valence sectors, as described below.
The second puzzle may be resolved by incorporating an enhancement due to pion loops.
, a curvature is expected in the quark mass dependence of the nucleon, hence the sigma term, a derivative of M N in terms of m q , increases towards the chiral limit.
An analysis using existing lattice data of two-flavor QCD with m π > 550 MeV by CP-PACS [17] , JLQCD [18] , and QCDSF [19] yields σ πN = 48 ± 5
−12 MeV [20, 21] , which is slightly smaller than but is still consistent with the phenomenological analysis. A more recent lattice data by the ETM Collaboration with m π = 300-500 MeV in two-flavor QCD reported a higher value σ πN = 67(8) MeV [22] . Such an analysis for the disconnected contribution to extract the strange content is yet to be done, which is another main point of this work.
In this work, we analyze the data of the nucleon mass obtained from a two-flavor QCD simulation employing the overlap fermion [23] . (For other physics results from this simulation, we refer [24] and references therein.) The overlap fermion [25, 26] preserves exact chiral symmetry on the lattice, and there is no problem of the additive mass shift of the scalar density operator, that was a main source of the large systematic error in the previous calculations of the sigma term. We use the overlap fermion to describe both the sea and valence quarks. Statistically independent ensembles of gauge configurations are generated at six different sea quark masses; the nucleon mass is measured for various valence quark masses on each of those gauge ensembles. Therefore, we are able to analyze the valence and sea quark mass dependence independently to extract the connected and disconnected contri-
butions. An estimate of the strange quark content can thus be obtained in two-flavor QCD.
In the analysis, we use the partially quenched BChPT, which corresponds to the lattice calculations with valence quark masses taken differently from the sea quark masses. Therefore, the enhancement of the sigma term towards the chiral limit is incorporated. Since the twoflavor QCD calculation cannot avoid the systematic error due to the neglected strange sea quarks, our result should not be taken as a final result from lattice QCD. Nevertheless our study with exact chiral symmetry reveals the underlying systematic effects in the calculation of the nucleon sigma term, especially in the extraction of its disconnected contribution. It therefore provides a realistic test case, which will be followed by the 2+1-flavor calculations in the near future 2 .
Our paper is organized as follows. In Section II, we introduce the basic methods to calculate the nucleon sigma term. Our simulation set-up is described in Section III. Then, in Section IV, we describe the BChPT fit to obtain the sigma term. In Section V, we study the sea quark content of the nucleon from PQChPT. In Section VI, we compare our results with previous calculations and discuss the origin of the discrepancy. Our conclusion is given in Section VII.
II. METHOD FOR CALCULATING NUCLEON SIGMA TERM
The matrix element defining the nucleon sigma term (1) can be related to the quark mass dependence of the nucleon mass using the Feynman-Hellman theorem. Consider a two-point function of the nucleon interpolating operator O N (t, x)
with the QCD action S defined by the gluon field strength F µν and the quark field q as
and the partition function Z. The sum in (4) runs over flavors (q = u and d) according to the underlying two-flavor theory (N f = 2). By taking a partial derivative with respect to a valence quark mass m val or a sea quark mass m sea corresponding to the degenerate u and d
2 For a very recent result from 2+1-flavor QCD, see [27] .
quark masses m ud (= m u = m d ), we obtain
(qq)(y) 0 .
The subscripts "conn" and "disc" on the expectation values indicate that only the connected or disconnected quark line contractions are evaluated, respectively.
Dividing the integration region of t y , a temporal component of y, into three parts, i.e. t y < 0, 0 < t y < t, and t < t y , and inserting the complete set of states between the operators, one can express G(t), ∂G(t)/∂m val , and ∂G(t)/∂m sea in terms of matrix elements. Comparing the leading contribution at large t behaving as t exp (−M N t) with M N the nucleon mass, we obtain the relations
Note that the short-hand notation to omit the term −V 0|(qq)|0 applies only for the disconnected piece.
This derivation of the Feynman-Hellman theorem does not assume anything about the renormalization scheme nor the regularization scheme. The contact terms in (5) and (6) are irrelevant for the formulas (7) and (8), since only the long-distance behavior of the correlators is used.
In the present study we exploit this indirect method to extract the matrix elements corresponding to the nucleon sigma term.
Another possible method to calculate the nucleon sigma term is to directly calculate the matrix element from three-point functions with an insertion of the scalar density operator (ūu +dd)(x), as carried out, e.g. in [13, 14] in the quenched approximation. In principle, it gives a mathematically equivalent quantity to the indirect method, provided that the indirect method is applied with data at sufficiently many sets of (m val , m sea ) so that the derivatives are reliably extracted. The order of the derivative and the path integral does not make any difference at finite lattice spacing and volume. Numerical difference could arise only from the statistical error and the systematic error in the fit of the data. A practical advantage of the indirect method is that the sum over the position of (ūu +dd)(x) is automatic, whereas in the direct method it must be taken explicitly to improve statistical accuracy. On the other hand, the direct method is more flexible, as one can take arbitrary quark masses for the "probe quark" to make a disconnected loop from the (ūu +dd)(x) operator, while in the indirect method the probe quark mass is tied to the sea quark mass. Therefore, we can only estimate the strange quark content from the calculation done at the strange quark mass equal to the sea quark mass as ∂M N /∂m sea | m val =msea=ms = 2 N|ss|N disc .
III. LATTICE SIMULATION
We make an analysis of the nucleon mass using the lattice data obtained on two-flavor QCD configurations generated with dynamical overlap fermions [23] . The lattice size is 16 3 × 32, which roughly corresponds to the physical volume (1.9 fm) 3 ×(3.8 fm) with the lattice spacing determined through the Sommer scale r 0 as described below. The overlap fermion is defined with the overlap-Dirac operator [25, 26] 
for a finite (bare) quark mass m q . The kernel operator [28] introduced to suppress unphysical near-zero modes of H W (−m 0 ). With these extra terms, the numerical operation for applying the overlap-Dirac operator (9) is substantially reduced.
Furthermore, since the exact zero eigenvalue is forbidden, the global topological charge Q is preserved during the molecular dynamics evolution of the gauge field. Our main runs are performed at the trivial topological sector Q = 0. For each sea quark mass listed below, we accumulate 10,000 trajectories; the calculation of the nucleon mass is done at every 20 trajectories, thus we have 500 samples for each m sea . For more details of the configuration generation, we refer to [23] . 0.100 that cover the mass range m s /6-m s with m s the physical strange quark mass. Analysis of the pion mass and decay constant on this data set is found in [29] .
The lattice spacing determined through the Sommer scale r 0 of the static quark potential slightly depends on the sea quark mass; the numerical results are listed in Table I .
Extrapolating to the chiral limit, we obtain a = 0.118(2) fm assuming the physical value r 0 = 0.49 fm. In the following analysis, we use this value to convert the lattice results to the physical unit.
The two-point functions, from which the nucleon mass is extracted, are constructed from quark propagators described by the overlap fermion. In order to improve the statistical accuracy, we use the low-mode preconditioning technique [30] , i.e. the piece of the two-point function made of the low modes of the overlap-Dirac operator is averaged over many source points. In our case, the source points are set at the origin on each time slice and averaged plateau for all sea and valence quark mass combinations; the fit with a single exponential function is made in the range [5, 10] . The fitted results are shown by thick horizontal lines in Figure 1 and summarized in Table II .
IV. ANALYSIS OF THE UNITARY POINTS WITH BARYON CHIRAL PER-TURBATION THEORY A. Naive fits with BChPT
In this section, we analyze the lattice data taken at the unitary points, i.e. sea and valence quarks are degenerate. In this case, the conventional baryon chiral perturbation theory (BChPT) [31] for two flavors is a valid framework to describe the quark mass dependence of the nucleon. It develops a non-analytic quark mass dependence and leads to the enhancement of the nucleon sigma term near the chiral limit.
In BChPT, the nucleon mass is expanded in terms of the light quark mass or equivalently pion mass squared m 2 π . We follow the analysis done in [20] . The expression for the nucleon 
and that to O(p 4 ) is
There are many parameters involved in these expressions. First of all, M 0 is the nucleon and (3.2 GeV −1 ,−4.7 GeV −1 ), following the previous analysis [20] . As given above, c 2 is rather well determined phenomenologically. As for c 3 , the value −3.4 GeV −1 is consistent with empirical nucleon-nucleon phase shifts, and the value −4.7 GeV −1 is the central value obtained from pion-nucleon scattering. There is another parameter e r 1 (µ), which is a combination of the O(p 4 ) LECs and is not well known phenomenologically. Since e r 1 (µ) is scale dependent, we quote its value at µ = 1 GeV in the following.
In these formulae, the leading non-analytic quark mass dependence is given by the term of m 
When we analyse the partially quenched data set in the next section, we utilize a formula that is an extension of this simplified fit form. Therefore, a comparison of the simplified and the full fit functions (10), (11) on the unitary data points provides a good test of our analysis. We carry out the BChPT fits of the lattice data using these functions. The simplest fits are those with (12) . Since the axial-coupling g A is very well known experimentally, we give an important consistency check of BChPT, since the m 3 π term is an unique consequence of the pion loop effect in this framework. The coupling g A is in fact non-zero and roughly consistent with the experimental value within a large statistical error. The nucleon mass in the chiral limit M 0 shows a significant variation, especially when the Fit III is used.
B. Finite volume corrections
Since the spatial extent L of the lattice is not large enough (∼ 1.9 fm) for obtaining the baryon masses very accurately, we need to estimate the systematic error due to the finite volume effect.
The finite volume correction can be calculated within BChPT, provided that the quark mass is small enough to apply ChPT. The nucleon mass M N (L) in a finite box of size L 3 is written as [19] 
where ∆ a and ∆ b represent finite volume correction at order p 3 and p 4 respectively,
Here, the functions K 0 (x), K 1 (x) and K 2 (x) are the modified Bessel functions, which asymptotically behave as exp(−x) for large x. The sum runs over a three dimensional vector n of integer components, and |n| denotes √ n 2 .
In the following we make the following two different analyses for the finite volume effect. 
FIG. 3: Chiral fit of the corrected data (diamonds)
. Solid and dashed curves represent the fits using 5 and 6 heaviest data points, respectively. For a reference, we also show the raw data (circles). data points "Fit 0a (6pt)" and those using 5 heaviest data points "Fit 0a (5pt)" are listed. The fit function is (12) with a fixed axial coupling g A = 1.267.
1. We correct the data for the finite volume effect using the above formula. For the input For a reference, we show the finite volume corrected data points (diamonds).
2. We fit the data with the fit functions including the finite volume corrections, i.e. at Figure 4 shows the fit curves after subtracting the finite volume piece ∆ a or ∆ a + ∆ b , which consistently run through the finite volume corrected data points. The fit parameters are listed in Table V . We find that after taking the finite volume effect into account M 0 decreases by 3-8% and |c 1 | increases by 9%. The 5-point and 6-point fits are consistent with each other within two standard deviations.
Comparing the fit parameters obtained with (Tables IV and V) and without (Table III) the finite volume corrections, we observe that the deviation due to the finite volume effect is smaller than the uncertainty of the fit forms.
There is also a finite volume effect due to fixing the topological charge in our simulation.
This can be estimated using ChPT as in [33, 34] . The estimated corrections are fairly small, −(0.3-0.7)% depending on the quark mass. Compared to the statistical error and the conventional finite volume effect, we can safely neglect the fixed topology effect. 
C. Nucleon sigma term
Using the fits in the previous subsections we obtain the nucleon sigma term by differentiating the nucleon mass with respect to the quark mass as
Since the value of the physical up and down quark mass is very small, we may extract the physical value using the leading-order ChPT relation
Table VI shows the results from the several fit forms with and without the finite volume corrections (FVCs).
Due to the curvature observed in Figures 2-4 , that is largely explained by the non-analytic term m 3 π in the BChPT formulae, σ πN is enhanced toward the chiral limit. Compared with the value at around the strange quark mass, σ πN is about three times larger, depending on the details of the fit ansatz.
The largest uncertainty comes from the chiral extrapolation. In fact, the Fit III gives significantly larger value of σ πN than those of other fit ansatz. It is expected from the plot of chiral extrapolation, Figure 2 , where the Fit III (dot-dashed curve) shows a steeper slope near the chiral limit. The finite volume effect is a sub-leading effect, which is about 9%. We take the Fit 0a (g A fixed, FVCs not included) as our best fit, and take the variation with fit ansatz and FVCs as an estimate of the systematic error. We obtain
where the errors are the statistical and the systematic due to the chiral extrapolation (extrap) and finite volume effect (FVE). This result is in good agreement with the phenomenological analysis based on the experimental data at the Cheng-Dashen point σ πN = 55 ∼ 75 MeV, which is discussed in the Introduction.
V. ANALYSIS OF THE PARTIALLY QUENCHED DATA POINTS
A. Fits with partially quenched ChPT formula
As described in Section II, the partial derivatives in terms of the valence and sea quark masses, m val and m sea respectively, are necessary in order to extract the connected and disconnected-diagram contributions separately, hence to obtain the strange quark content y defined in (2) . It is possible with the lattice data in the so-called partially quenched set-up, i.e. the valence quark mass is taken differently from the sea quark mass. Since the enhancement of σ πN towards the chiral limit is essential for reliable determination of the nucleon sigma term, we should use the chiral perturbation theory formula for baryons in partially quenched QCD, which is available for two-flavor QCD [36, 37] . At O(p 3 ), it reads
where m [38] , for instance), which imply g 1 = −0.66 (14) . In the following, whenever we need nominal values of g A and g 1 , we set g A = 1.267 and g 1 = −0.66.
Strictly speaking, there are also contributions from the decuplet baryons. In our analysis we have integrated out the Delta resonance and expand the contribution in terms of (m π /∆) 2 with ∆ = m ∆ − M N . Then these contributions can be absorbed into the analytic terms in (19) .
We fit the quark mass dependence of the nucleon mass with the partially quenched ChPT formula (19) . The independent fit parameters are B 00 , B 01 , B 10 , B 11 , B 20 , B 02 , g 1 , and g A .
Instead of making all these parameters free, we also attempt a fit with fixed g A and g 1 (Fit PQ-a), a fit with fixed g A (Fit PQ-b). The fit with all the free parameters is called the Fit PQ-c. Another important observation from Table VII is that the Fit PQ-c, for which g A is a free parameter, gives much better constrained g A than the Fit 0b of the unitary points. This is because the partially quenched analysis uses much more data points: 40 data points compared to 5 in the unitary case. It is remarkable that both g A and g 1 can be determined with reasonable accuracy.
B. Sea quark content of the nucleon
Once the valence and sea quark mass dependence is identified using the formula (19), we can obtain the partial derivatives with respect to m val and m sea to obtain the connected and the disconnected contribution to the nucleon sigma term σ πN as defined in (7) and (8). [35] . Figure 8 shows the ratio of the disconnected and connected contribution to the sigma term N|(ūu +dd)|N disc / N|(ūu +dd)|N conn evaluated at the unitary points m sea = m val .
We find that the sea quark content of the nucleon is less than 0.4 for the entire quark mass region in our study, so that the valence quark content is the dominant contribution to the sigma term. This is in striking contrast to the previous lattice results in which the sea quark content equal to or even larger than the valence quark content was found. Rigorously speaking, it is not possible to extract the strange quark content N|ss|N within two-flavor QCD. The problem is not just the strange quark loop is missing, but it is not possible to evaluate the disconnected contribution at the strange quark mass while sending the sea and valence quark masses to the physical up and down quark mass with the partial derivatives within (partially quenched) two-flavor QCD. For the final result, therefore, we should wait for a 2+1-flavor QCD simulation, which is in progress [40] . Instead, in this work, we provide a "semi-quenched" estimate of the strange quark content assuming that the disconnected contribution gives a good estimate of the strange quark effect when evaluated at the strange quark mass for both m val and m sea .
We define our semi-quenched estimate of the parameter y as the ratio of the strange quark content (disconnected contribution at m val = m sea = m s ) to the up and down quark contributions (connected plus disconnected contributions at m val = m sea = m ud ) following Ref. [16] . Taking the result from the Fit PQ-b as a best estimate, we obtain the parameter y as
where the errors are statistical, the systematic errors from chiral extrapolation and from the uncertainty of m s . The chiral extrapolation error for the strange quark content is estimated by the differences of the results of Fit PQ-a,b and c, while that for the up and down quark content is estimated by the differences of the results of Fit 0, I, II and III. We also note that there may be an additional ∼10% error from finite volume effect as discussed in Section IV, but it is much smaller than the statistical error in our calculation.
VI. DISCUSSION
We found that the disconnected contribution to the sigma term is much smaller than the previous lattice calculations with the Wilson-type fermions y ≃ 0.36 ∼ 0.66 [13, 14, 15] (except for [16] as explained below). The authors of [16] found that the naive calculation with the Wilson-type fermions may over-estimate the sea quark contents due to the additive mass shift and the sea quark mass dependence of the lattice spacing. The key observation is that the additive mass shift is large depending significantly on the sea quark mass. Therefore, in order to obtain the derivative (6) one must subtract the unphysical contribution from the additive mass shift. This problem remains implicitly in the quenched calculations, since the derivative must be evaluated at the value of the valence quark mass even when the sea quark mass is sent to infinity. (There is of course the more fundamental problem in the quenched calculations due to the missing sea quark effects.)
Another problem is in the conventional scheme of setting the lattice scale in unquenched simulations. In many dynamical fermion simulations, the lattice spacing is set (typically using the Sommer scale r 0 ) at each sea quark mass, or in some cases, the bare lattice coupling β is tuned to yield a given value of r 0 independent of the sea quark mass. This procedure defines a renormalization scheme that is mass dependent, because the quantity r 0 could have physical sea quark mass dependence. Since the partial derivative (6) is defined in a mass independent scheme, i.e. the coupling constant does not depend on the sea quark mass, one has to correct for the artificial sea quark mass dependence through r 0 when one calculates the nucleon sigma term. Combining these two effects, the authors of [16] found that their unsubtracted result y = 0.53 (12) is substantially reduced and becomes consistent with zero: y = −0.28 (33) . The conclusion of this analysis is that the previous lattice calculations giving the large values of y suffered from the large systematic effect, hence should not be taken at their face values.
Our calculation using the overlap fermion is free from these artifacts. The additive mass shift is absent because of the exact chiral symmetry of the overlap fermion. The lattice spacing is kept fixed in our analysis at a fixed bare lattice coupling constant. We confirmed that this choice gives a constant value of the renormalized coupling constant in the (mass independent) MS scheme through an analysis of current-current correlators [39] . Therefore, the small value of y obtained in our analysis (20) provides a much more reliable estimate than the previous lattice calculations.
VII. SUMMARY
We study the nucleon sigma term in two-flavor QCD simulation on the lattice with exact chiral symmetry. Fitting the quark mass dependence of the nucleon mass using the formulae from Baryon Chiral Perturbation Theory (BChPT), we obtain σ πN = 53(2)( +21 − 7 ) MeV, where our estimates of systematic errors are added in quadrature. This is consistent with the canonical value in the previous phenomenological analysis. Owing to the exact chiral symmetry, our lattice calculation is free from the large lattice artifacts coming from the additive mass shift present in the Wilson-type fermion formulations.
We also estimate the strange quark content of nucleon. From an analysis of partially quenched lattice data, we find that the sea quark content of the nucleon is less than 0.4 for the entire quark mass region in our study. The valence quark content is in fact the dominant contribution to the sigma term. Taking account of the enhancement of N|(ūu +dd)|N near the chiral limit, the parameter y is most likely less than 0.05 in contrast to the previous lattice calculations.
By directly calculating the disconnected diagram we may obtain further information. For instance, the effect of the strange quark loop on the dynamical configurations with light up and down quarks can be extracted. Such a calculation is in progress using the all-to-all quark propagators on the lattice. Another obvious extension of this work is the calculation including the strange quark loop in the vacuum. Simulations with two light and one strange dynamical overlap quarks are on-going [40] .
